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A permutation is called parity alternating if its entries assume even
and odd integers alternately. Parity alternating permutations form
a subgroup of the symmetric group. This paper deals with the
number of permutations classiﬁed by the ascent number. These
numbers have a close relationship to signed Eulerian numbers.
The present approach is based on a study of permutations that
are not parity alternating. It is proved that the number of even
permutations is equal to that of odd ones in it. Hence signed
Eulerian numbers are described by parity alternating permutations.
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1. Introduction
A permutation of [n] = {1,2, . . . ,n} will be called a parity alternating permutation (PAP) if its en-
tries assume even and odd integers alternately, such as 72581634. It is readily checked that such
permutations form a subgroup of the symmetric group of degree n, and it will be denoted by Pn .
The objective of this paper is to study combinatorial properties of those permutations with respect to
permutation statistics. The approach, which complements that in [5], is self-contained and based on
a study of the set of permutations that are not parity alternating.
Let ξ = a1a2 · · ·an be a permutation of [n]. An ascent (or descent) of ξ is an adjacent pair such that
ai < ai+1 (or ai > ai+1) for some i (1 i  n−1). Let E(n,k) be the set of all permutations of [n] with
exactly k ascents, where 0 k n − 1. Its cardinality, |E(n,k)|, is the classical Eulerian number. Let us
further put
P(n,k) = Pn ∩ E(n,k),
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E∗(n,k) = E(n,k) \ P(n,k),
the set of all permutations that are not PAP’s in E(n,k). Remark that, when n is odd, a1 and an in a
PAP ξ = a1a2 · · ·an are odd entries.
An inversion of a permutation ξ = a1a2 · · ·an is a pair (i, j) such that 1 i < j  n and ai > a j . Let
us denote by inv(ξ) the number of inversions in ξ . A permutation is called even or odd if it has an
even or odd number of inversions, respectively.
The signed Eulerian number Dn,k is the difference of the cardinalities of even permutations and odd
ones in E(n,k). The recurrence relation for signed Eulerian numbers is
Dn,k =
{
(n − k)Dn−1,k−1 + (k + 1)Dn−1,k if n is odd,
Dn−1,k−1 − Dn−1,k if n is even, (1)
with initial condition D1,0 = 1, as shown in [1,2,6]. It was conjectured in [2], and proved in [1] and [6],
respectively, by a generating function argument and a combinatorial involution.
The purpose of this paper is to show that in E∗(n,k) the number of even permutations is equal to
that of odd ones. Therefore, in order to investigate signed Eulerian numbers, one has only to consider
PAP’s or the subset P(n,k).
For our study we use an operator introduced in [3]. It is useful for a study of permutation statistics
(see [3–5]). The operator σ is deﬁned by adding one to all entries of a permutation a1a2 · · ·an , but by
changing n + 1 into one. However, when n appears at either end of a permutation, it is removed and
one is put at the other end. Formally we deﬁne as follows.
(a) σ(a1a2 · · ·an) = b1b2 · · ·bn , where bi = ai + 1 for 1  i  n and n + 1 is replaced by one at the
position.
(b) σ(a1 · · ·an−1n) = 1b1b2 · · ·bn−1, where bi = ai + 1 for 1 i  n − 1.
(c) σ(na1 · · ·an−1) = b1b2 · · ·bn−11, where bi = ai + 1 for 1 i  n − 1.
The operator preserves the ascent and descent numbers. In what follows we will use only prop-
erties (a) and (b), since we exclusively deal with permutations of the form a1a2 · · ·an−1n, where
a1a2 · · ·an−1 are permutations of [n − 1]. We call those permutations canonical. For a permutation ξ
and a positive integer , we denote successive applications of σ by σ ξ = σ(σ −1ξ), σ 0 being the
identity operator on permutations.
It is easy to see that in the case of even n the operator σ is a map on E∗(n,k) and on P(n,k).
When n is odd, however, this is not the case. Even if ξ = 1476523 is a PAP, for example, σξ = 2517634
is not a PAP.
Next we observe how the number of inversions of a permutation behaves when σ is applied.
When n appears at either end of a permutation ξ as in (b) or (c), it is evident that
inv(σ ξ) = inv(ξ).
As for the case (a), i.e., ai = n for some i (2  i  n − 1), we get σ(a1a2 · · ·an) = b1b2 · · ·bn and
bi = 1. In this case, n − i inversions (i, i + 1), . . . , (i,n) of ξ vanish and, in turn, i − 1 inversions
(1, i), . . . , (i − 1, i) of σξ occur. Hence the difference between the numbers of inversions is given by
inv(σ ξ) − inv(ξ) = (i − 1) − (n − i) = 2i − (n + 1). (2)
This means that, when n is even, each application of the operator changes the parity of permuta-
tions as long as n remains in the interior of permutations. If n is odd, however, the operator σ also
preserves the parity of all permutations of [n].
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In order to study canonical permutations by means of σ , we introduce another operator. Based
on σ , let us deﬁne an operator τ on canonical permutations of E(n,k) by
τ (a1a2 · · ·an−1n) = σ n−an−1(a1a2 · · ·an−1n) = b1b2 · · ·bn−1n,
where b1 = n − an−1 and bi = ai−1 + (n − an−1) (mod n) for i (2 i  n − 1). For a canonical permu-
tation ξ and a positive integer , τ ξ is similarly deﬁned.
It is easy to see that in the case of even n the operator τ is a map on canonical permutations
in E∗(n,k) and in P(n,k). On the other hand, when n is odd, this is not the case. ξ = 1436527, for
example, is a canonical PAP, but τξ = 5621437 is not a PAP. In this section we deal with the case of
even n.
A PAP sequence aiai+1 · · ·a j is a subsequence of a permutation in which even and odd integers
appear alternately. A PAP sequence aiai+1 · · ·a j is called maximal, if both ai−1ai · · ·a j (i  2) and
ai · · ·a ja j+1 ( j  n− 1) are no longer PAP sequences. The length of a subsequence of a permutation is
the number of its entries.
Lemma 1. Let n be an even positive integer and let ξ = a1 · · ·aiai+1 · · ·an−1n be a canonical permutation. As-
sume that ξ is not a PAP and C = ai+1 · · ·an−1n is a maximal PAP sequence. Then all of {ξ, τ ξ, . . . , τn−i−1ξ}
have the same parity and the ﬁrst entries of the permutations in {τξ, τ 2ξ, . . . , τn−i−1ξ} are all odd. But
τn−iξ has a different parity from that of {ξ, τ ξ, . . . , τn−i−1ξ} and the ﬁrst entry of τn−iξ is even.
Proof. First we examine the parity of τξ . Remark that inv(σ ξ) = inv(ξ), because ξ is canonical. How-
ever, each additional application of σ changes the parity of permutations as long as n lies in the
interior of permutations, as shown in Section 1. Therefore, after the entry an−1 of ξ becomes n at the
right end of τξ by the application of σ n−an−1 , the parity of ξ has changed n − an−1 − 1 times. Hence,
when an−1 is even or the length of C is one, the parity of τξ is different from that of ξ and the ﬁrst
entry of τξ is an even n − an−1. On the other hand, when an−1 is odd, the parity of τξ is the same
as that of ξ and the ﬁrst entry of τξ is odd.
In the latter case, let τξ = b1b2 · · ·bn−1n, where bn−1 = an−2 + (n− an−1) (mod n). If an−2 is even,
then bn−1 is odd. So the above argument can be applied to τξ , implying that {τξ, τ 2ξ} have the same
parity. Hence all of {ξ, τ ξ, τ 2ξ} have the same parity. Moreover, the ﬁrst entry of τ 2ξ is odd. But if
an−2 is odd or the length of C is two, then bn−1 is even and τ 2ξ has a different parity from that
of {ξ, τ ξ}. Moreover, the ﬁrst entry of τ 2ξ is even. For a maximal PAP sequence C = ai+1 · · ·an−1n
with length n − i, the lemma follows by employing this argument n − i times. 
By Lemma 1, when ξ is not a PAP, it eventually changes the parity by repeated applications of τ .
If ξ is a PAP, however, the parity of {ξ, τ ξ, . . . , τn−1ξ} remains the same and their ﬁrst entries are all
odd. Remark that τnξ = ξ holds, since each entry of ξ returns to the original position after n applica-
tions of τ and both τnξ and ξ are canonical, i.e., their last entry is n.
When ξ is canonical but not a PAP, it can be written as
ξ = a1 · · ·a ja j+1 · · ·aiai+1 · · ·an−1n = A · B · C, (3)
where A = a1 · · ·a j and C = ai+1 · · ·an−1n are maximal PAP sequences and B = a j+1 · · ·ai is not nec-
essarily a PAP sequence and may be empty. A (or C ) will be called the ﬁrst (or last) maximal PAP
sequence of ξ . A permutation 45316278, for example, is expressed by 45 · 316 · 278.
Lemma 2. In addition to the assumptions of Lemma 1, suppose that the ﬁrst entry a1 of ξ is even and let
τn−iξ = c1 · · · cn−icn−i+1 · · · cn−1n. Then c1 · · · cn−i is a maximal PAP sequence.
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is the last maximal PAP sequence of ξ and A is the ﬁrst one. Then both b1 = n − an−1 and b2 =
a1 + (n − an−1) (mod n) have the same parity, because a1 is even. By each application of τ to ξ ,
all entries {n,an−1, . . . ,ai+1} in C move to the left end of permutations one by one in this order. If
we put τn−iξ = c1 · · · cn−icn−i+1 · · · cn−1n, then c1 · · · cn−i is a PAP sequence and it is maximal. This
follows from the facts that ai+1 · · ·an−1n is a PAP sequence of ξ and that the parity of cn−i and cn−i+1
is the same, since b1 and b2 of τξ have the same parity. 
Lemma 2, together with Lemma 1, states that the last maximal PAP sequence of ξ = A · B · C
moves into the ﬁrst maximal PAP sequence of the permutation τn−iξ with opposite parity and both
sequences have the same length. Moreover, the ﬁrst entry of τn−iξ is even. On the other hand, all
entries of A and B move to the right by n − i positions by means of an application of τn−i , although
their values have changed.
3. Combinatorics of E∗(n,k)
The main purpose of this paper is to show that in E∗(n,k) the numbers of even permutations and
odd ones are equal. The proof is divided into two parts by the parity of n. The case of odd n (Part I
below) was proved in a part of Lemma 4.2 of [5], but it contained a certain obscure point. So we
provide another, more plausible, proof based upon only Lemmas 1 and 2. Hence, different from [5],
it is self-contained and does not utilize the recurrence relation (1) for signed Eulerian numbers. The
case of even n can easily be deduced from the odd case.
For a permutation ξ = A · B · C expressed by (3), we denote by 〈A〉 the length of the ﬁrst maximal
PAP sequence A, and similarly for the lengths of B and the last maximal PAP sequence C . Note that
〈A〉 > 0 and 〈C〉 > 0 for ξ ∈ E∗(n,k).
Theorem 3. In E∗(n,k) the total number of even permutations is equal to that of odd ones.
Proof. Part I (odd case).
Let n be an odd integer. In order to consider the set of permutations in E∗(n,k), let us introduce
the set of all canonical permutations in E∗(n+1,k+1), which is denoted by Ξ(n+1,k+1), and with
each a1a2 · · ·an in E∗(n,k) we associate a1a2 · · ·an(n + 1) in Ξ(n + 1,k + 1). Since n + 1 is even, we
can apply Lemma 1 to canonical permutations of Ξ(n + 1,k + 1). Then we are able to ﬁnd canonical
permutations with even entry a1, since permutations in Ξ(n + 1,k + 1) are not PAP’s. We denote
by Ξ †(n + 1,k + 1) the set of such particular canonical ones.
A permutation ξ = a1a2 · · ·an(n + 1) in Ξ(n + 1,k + 1) can be written as ξ = A · B · C by using
maximal PAP sequences A and C , as in (3). So we have n+1 = 〈A〉+ 〈B〉+ 〈C〉. The sequence B needs
not be a PAP sequence and may be empty. As proved in Lemma 1, ξ does not turn into a permutation
in Ξ(n + 1,k + 1) with opposite parity until the operator τ is applied 〈C〉 times to ξ .
Suppose that ξ1, ξ2, . . . , ξm are all of even canonical permutations in Ξ †(n + 1,k + 1), i.e., their
ﬁrst entries are even. For each i (1 i m) let us deﬁne i as the smallest positive integer such that
ηi = τ i ξi becomes an odd permutation in Ξ †(n + 1,k + 1). The correspondence between ξi and ηi
is a bijection and thus we get all odd ones η1, η2, . . . , ηm by this procedure. For i (1  i  m) let
ξi = Ai · Bi · Ci and ηi = A′i · B ′i · C ′i be expressions by maximal PAP sequences. Then it follows that
the PAP sequence Ci turns into the PAP sequence A′i of ηi and i = 〈Ci〉 = 〈A′i〉 from Lemma 2. So we
have
m∑〈
A′i
〉=
m∑
〈Ci〉. (4)i=1 i=1
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we obtain an analogous equality
m∑
i=1
〈Ai〉 =
m∑
i=1
〈
C ′i
〉
. (5)
From the above equalities we also get
m∑
i=1
〈Bi〉 =
m∑
i=1
〈
B ′i
〉
.
For each i (1  i m) the permutations τ ξi remain even, whenever  < 〈Ci〉. Noting τ 0ξi = ξi , the
number of all even permutations in Ξ(n + 1,k + 1) is given by the sum (4). Similarly, the number of
all odd permutations in Ξ(n + 1,k + 1) is given by the sum (5).
Now we know that the last maximal PAP sequence Ci of ξi changes into the ﬁrst maximal PAP
sequence A′i of ηi and the last maximal PAP sequence C
′
i of ηi , in turn, changes into the ﬁrst maximal
PAP sequence A j of some even ξ j . So both sums of the numbers of the entries that are involved with
this exchange must be equal:
m∑
i=1
〈Ci〉 =
m∑
i=1
〈
C ′i
〉
.
Consequently, it follows from (4) and (5) that the number of even permutations in Ξ(n + 1,k + 1) is
equal to that of odd ones. Namely, in E∗(n,k), the number of even permutations is equal to that of
odd ones, which completes the proof of Part I.
Part II (even case).
The case of even n can easily be derived from the former part. We divide all even permutations
a1a2 · · ·an of E∗(n,k) into the three types by the position of n:
(i) ai = n for some i (2 i  n − 1);
(ii) an = n;
(iii) a1 = n.
On the other hand, we divide all odd permutations a1a2 · · ·an of E∗(n,k) into the following three
types by the position of one:
(i′) ai = 1 for some i (2 i  n − 1);
(ii′) a1 = 1;
(iii′) an = 1.
Let ξ = a1a2 · · ·an be an even permutation of type (i). Then, using property (a) of σ , we see
that σξ is an odd one of type (i′), because the difference of the numbers of inversions between
ξ and σξ is |n + 1 − 2i| by (2) and it is odd by assumption. Since σ is a bijection, we see that to
each permutation ξ of type (i) in E∗(n,k) corresponds only one permutation of type (i′) in E∗(n,k).
Therefore, both types have the same cardinality.
Let ξ = a1a2 · · ·an−1n be of type (ii), where a1a2 · · ·an−1 is a permutation of [n − 1]. Since ξ is
an even permutation, the permutation a1a2 · · ·an−1 ∈ E∗(n − 1,k − 1) is also even. Hence the number
of elements in E∗(n,k) of type (ii) is the cardinality of all even permutations of E∗(n − 1,k − 1).
On the other hand, the set E∗(n,k) of type (ii′) consists of all odd ξ = 1a2a3 · · ·an and hence
(a2 − 1)(a3 − 1) · · · (an − 1) are all odd in E∗(n − 1,k − 1). Using Part I, we see that both cardinalities
are the same.
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n − 1 is odd and ξ is an even permutation, we see that a1a2 · · ·an−1 is odd in E∗(n − 1,k). Hence
the number of even permutations in E∗(n,k) of type (iii) is equal to that of all odd permutations
of E∗(n − 1,k). On the other hand, the set E∗(n,k) of type (iii′) consists of all odd ξ = a2a3 · · ·an1,
where (a2 − 1)(a3 − 1) · · · (an − 1) are all even in E∗(n − 1,k). Hence it follows from Part I that both
cardinalities are the same. Thus evaluating the three pairs completes the proof. 
Let us denote by P en,k and P
o
n,k the cardinalities of all even permutations and odd ones in P(n,k),
respectively. Theorem 3 together with the relation
E(n,k) = E∗(n,k) ∪ P(n,k)
implies that the signed Eulerian number Dn,k can be written as
Dn,k = P en,k − P on,k
by means of PAP’s.
4. Combinatorics of P(n,k)
When n is even, it is possible to consider orbits under σ in P(n,k) and in E∗(n,k). Hence, using
similar arguments employed in [4], we can derive several properties for the cardinalities of P(n,k)
and E∗(n,k).
Theorem 4. The equalities
∣∣P(n,k)∣∣= (n − k)∣∣P(n − 1,k − 1)∣∣+ (k + 1)∣∣P(n − 1,k)∣∣,∣∣E∗(n,k)∣∣= (n − k)∣∣E∗(n − 1,k − 1)∣∣+ (k + 1)∣∣E∗(n − 1,k)∣∣
hold for even n.
Proof. Considering the orbits under σ in P(n,k) or E∗(n,k) instead of E(n,k), the proof goes in a
similar way to Theorem 1 of [4]. 
More precisely, the number of permutations ξ = a1a2 · · ·an with a1 < an in P(n,k) is
(n − k)|P(n − 1,k − 1)|, and the number of ξ with a1 > an is (k + 1)|P(n − 1,k)|. A similar rela-
tion holds for E∗(n,k).
Theorem 5. Suppose that p is a prime and an even integer n is divisible by pm for a positive integer m. If k is
divisible by p, then |P(n − 1,k − 1)| and |E∗(n − 1,k − 1)| are also divisible by pm.
Proof. A similar argument applied to P(n,k) and E∗(n,k) instead of E(n,k) in Theorem 7 of [4] yields
that |P(n − 1,k − 1)| and |E∗(n − 1,k − 1)| are divisible by pm . 
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